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Introduction Exchangeable Pairs

Exchangeable Pairs

N

SN Definition 1.1

(W, W’) is said to be an exchangeable pair if
(W, w') & (W', w)

for which (W, W’) and (W’, W) have the same joint distribution.

A key fact about an exchangeable pair (W, W') is that for any
asymmetric h(x,y), that is h(x,y) = —h(y, x), we have

Eh(W, W) =0

SUSTech

by noting that EA(W, W') = ER(W, W') = —Eh(W, W').
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Introduction Exchangeable Pairs

Exchangeable Pairs

N

N34
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When we assume that (W, W’) is an exchangeable pair and let
A =W — W, another key fact is that for any f,

E(f(W)E(A | W)) =

L[>, (1)
5E FI(W+ t)A (1{_a<eco} — Tjo<e<—ay) dt

J —00

Proof. Consider h(w,w’) = (w — w') (f(w) + f (w)), which is an
asymmetric function. Then,

0=Eh(W, W) =E[(W — W) (F(W) + f (W'))]
= 2E[Af(W)] — E[A(F(W) — f(W — A))]

= 2B[f(W)E(A | W)] - E [A /_OA FI(W + t)dt}

— 2B[f(W)E(A | W)] ~ [ | W08 (1 acico) ~ Toseeay) o

—00
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Introduction Exchangeable Pairs

The Stein Characterization via Density Approach

~ Let Y be a random variable with the probability density function
& p(y). Assume that p(y) > 0 for co < y < co. Let f be an

absolutely continuous function satisfying limy—+p(y)f(y) =0,
we have

E{((Np) /p(V)} = [ (Fply)y ey =0

Stein's identity:

E(f(Y)p(Y))'/p(Y)) =

For any measurable function h with E||h(Y|| < oo, let f = f;, be
the solution to the Stein equation:

(F(w)p(w))'/p(w) = h(w) — Eh(Y) (2)

SUSTech
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Main Results

© Main Results

@ Nonnormal Approximation for Unbounded Exchangeable Pairs
@ Nonnormal Approximation for Bounded Exchangeable Pairs
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Main Results

Nonnormal Approximation with Exchangeable Pairs

In this section, we are going to review the Berry-Essen bounds for

non-normal approximation with both bounded and unbounded
exchangeable pairs.

Let W be a random variable satisfying P(a < W < b) = 1 where
—o00 < a<oo. Let (W, W’) be an exchangeable pair satisfying

E(W - W' | W) = X(g(W)+R) 3)

SUSTech
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Nonnormal Approximation for Unbounded Exchangeable Pairs

. Consider when g is a measurable function with domain (a, b),
~Z+ XA €(0,1) and R is a random variable.

Conditions of measurable function g

@ g is nondecreasing, and there exists wy € (a, b) such that
(w — wp)g(w) >0 for w € (a, b);

@ g is continuous and 2(g’(w))? — g(w)g”(w) > 0 for all
w € (a, b); and

@ limy.8(y)p(y) = limys g(y)p(y) = 0, where

) =ae Y, 60)= [ edr @

wo

SUSTech

and ¢ is the constant so that fab p(y)dy = 1.
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Berry-Essen Bound with Unbounded Exchangeable Pairs

"& Let Y be a random variable with the probability density function

(p.d.f.) p(y), and let A =W — W'

We have

sup |[P(W < z) —P(Y < z)|

zeR

<E|1 1EA2 w 1EEAA* w 1ER )
—‘—5(|)‘+XI( |)!+C—1!|,

where A* := A*(W, W') is any random variable satisfying
AW, W') = A*(W', W) and A* > [A].

SUSTech
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To make the bound meaningful, choose A ~ (1/2)E(A?).
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Stein Equation and Solution Properties

.2. LetY be the random variable with the p.d.f. p(y) defined in (4).

SUSTech

For a given z, let f := £, be the solution to the following Stein
equation:

fl(w) —g(w)f(w) = Liw<sy — F(2), z€(a,b)  (6)

where F is the distribution function of Y . It could be derived from
(2), (f(w)p(w))'/p(w) = h(w) — Eh(Y) with h(w) = 11,<z}.

FW(A-F@) <5

p(w) ’ =
fuw) = (7)
F(z)(1-F(w))

p(w) ’

)

w >z
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Stein Equation and Solution Properties

)
w2+ We first prove some basic properties of f;.

Lemma 2.3 (Basic properties of f)

Suppose that conditions (A1)-(A3) are satisfied. Then
0< fp(w) <1/a, (8)
I <1, (9)
lgfll <1 (10)
g(w)f;(w) is nondecreasing (11)

For the normal approximation, it is known that 0 < f,(w) < 1.

SUSTech
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Proof of Properties

)
\35%

SUSTech

Prove (8), 0 < f;(w) < 1/c:

Assume a < 0 < b and wy = 0; thus p(0) = ¢;. For w < z, define
H,(w) = F(w)(1 — F(z)) — p(w)/c1. Noting that f,(w) >0
according to (7). It suffices to prove sup,<,<pHz(w) < 0. Since
g(w) is nondecreasing and H, = p(w)(1 — F(z) + g(w)/c1)

(—g(w) = %), maximum only occurs at boundaries.

sup H,(w) = max{H,(a), H,(z)}.

a<w<z

H,(a) = —p(a)/c1 < 0. It remains to prove sup,<,<pH,(z) <O0.
If z <0, define Hi(z) = F(z) — p(z)/c1, and thus

Hi(2) = p(2)(1 + &(2) /).
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

& Note that g(z) <0 and g(+) is nondecreasing, Hi(a) = —p(a)/c1,
«%s Hy(0) = F(z) — 1, then

sup H.(z) < sup Hi(z) < max{Hi(a), H1(0)} <0

a<z<0 a<z<0

Using a similar argument, we also have supg<,<pH,(z) < 0.
Therefore, supa<,<pH-(z) < 0. supa<w<-f(w) < 1/c1 is proved.
Similarly, we have sup, <y <pfz(w) < 1/ci. Similar procedures could
be made for z > 0 when supg<,p, and complete the proof of
Sups<w<zf(2) < 1/c; with w > z. Similarly for w > z,
Supz<w<bfz(W) < 1/C1-
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Prove (11), g(w)f;(w) is nondecreasing:
gf is nondecreasing. For w < z, by (7),

(&) w)F(w)(1— F(z
S e(w)(w) — & )F(p()fvl) F(2))
(g(W)(w)) = (1= F(2)) (g(w) + (&'(w) + *(w)) F(w)/p(w))
_al-F@)Ew) +g2w) _ \ Fw)
- p(W) 1( ( )+ a )
>0 WTP>0
If 7(w) = Se s by (A2) (2(g'(w))? — g(w)g"(p(w)) > 0),
. o (w)eS ) 1 (2(g'(w>)2 —g"(w)gz(w)) <1
; (g'(w) + g%(w))
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Hence,
—G(w) /
7= e +7(w)>0
“% and
w 1
0< / (#(5) + €O dt = r(w) + = F(w) ~lim 7(y)
a 1 yla

Where

/We—c(t)dt_/ap( ):l(F( )~ F(a) = F(w)

C1 C1 C1

By condition (A3), lim,;,7(y) =0, and hence 7(w) + C—llF(W) >0.
This proves that (g(w)fz(w))’ > 0 or g(w)f,(w) is nondecreasing
for wz. Similarly for w > z.
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Prove (10), |gf.| < 1:
we have for w > max(z,0),

®)
24 b
gw)f(w) = ¢ )g(p()v{;Vp(t)dt K ) ?’W) )p(t)d
p(w) = cre= ™ g, ) [ e=CWg(t)dt e—G(w) _ ¢=G(b)
= & Cw) = FE—=m
< F(z2).
Similarly, we have g(w)f;(w) > —(1 — F(z)) for w < min(0, z).
Combining with (11) yields
F(z) =1 < g(w)f(w) < F(2) (12)
g for all w.
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Main Results

Nonnormal Approximation for Unbounded E:

ngeable Pairs

Prove (9), ||| < 1: Prove of (9) follows from (6) and (12).
Where ]l{wgz} -1 f’(W) < ﬂ{wgz}. O
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Proof of Theorem 2.1

/?\ Let f = £, be the solution to the Stein equation (7). (W, W’) is an
" exchangeable pair, by (3), E(W — W' | W) = \(g(W) + R), we
have:
0= B (W= W) (F(W) + £ (W)
= 2B ((W - W) f(W)) —E((W - W) (f(W) - £ (W')))
=2)\E(g(W)f(W)) + 2XE(Rf(W)) — E (A /0 (W + t)dt) ,
-A
and hence
| Eew)rw)) = ( / F(W + t)dt) E(RF(W)).
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Main Results

Nonnormal Approximation for Unbounded Exchangeable Pairs

Thus,
. E(f'(W) — g(W)f(W))
) 1 [°
NS =E (f’(w) - ﬁA/_A(f’(w +t) — f'(w) + f'(w))dt + Rf(w))

SUSTech

=E (f’(W) (1 — %E(N | W)))

1 0 ! !
~E (A/_A(f (W) f (W))dt) LE(RF(W))

I

By (8), (9) and (10) and using Stein equation,
[P(W < 2) = P(Y < 2)| = [E(F/(W) — g(W)F(W))|

13
<|h|+2E 1—iE(A2| W) +iE|R|, (13)
2\ C1
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Main Results

Nonnormal Approximation for Unbounded Exchangeable Pairs

where

h= %E (A /0 (F(W +1) — F(W)) dt) (14)

A
Recalling that f is the solution to the Stein equation (3), we have

0
I :%E <A /_A(g(W AW 4 1) — g(W)f(W))dt)
1

) (15)
+ < E A/ (Lwe<zsy — Liwszy) dt |-
2\ _A
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Noting that g(w)f(w) is nondecreasing by Lemma 2.3 and that
the indicator function 1y,,<,y is nonincreasing, we have

&) 02/ (g(W + )F(W + t) — g(W)F(W))dt
—A
> —A(g(W)F(W) — g(W — A)F(W — A))
and
0
0< /A (Lwe<sr — Lyw<zy) dt <A (Lyw_a<zy — Liw<z})
Therefore
1
h <53 E (-AliacpAg(W)F(W) — g(W — A)F(W - A)))
8 1
2 + o5 E (BLiaso)A (Liw-a<z) — Liwszy))
(16)
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Thus, for any A* = A* (W, W') = A* (W, W) >| A |.

C@ %E (—AL{a<)Alg(W)F(W) — g(W — D)F(W — A)))
= %E ("L {a<0)A (g(W)F(W) — g (W) £ (W')))
= %E (A"A (Lia<o} + Lasop) g(W)F(W)) (17)
— (AN g(W)F(W))

1
< —E|E(AA* | W
< EIE(AAT| W)

E(A*Aliacorg (W) £ (W')) = —E (A*Alias0p8(W)F(W))
because of the exchangeability of W and W', and | g(w)f(w) |< 1
for all w € R.

SUSTech
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Similarly we have

%)
1 1 .
& A EAL a0 A (Liw-acz) — Liwszy) < 57 BIE(AA" [ W)
(18)
Combining (16), (17) and (18)
1
h < XE|E(AA* | W) (19)
Following the same argument, we also have
1
h 2 —SE[E(AA™ [ W) (20)
< proved 0
-
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Normal Approximation

Normal approximation is a special case of the nonnormal with the
difference for the Stein’s solution can be bounded by 1.

Theorem 2.5 (Normal Approximation)

Let (W, W’) be an exchangeable pair satisfying

E(A | W) = MW + R) (21)

for some constant A € (0,1) and random variable R, where A = W — W'.
Then

sup |[P(W < z) — &(2)|
z€R

1 1
<E 1—5E(A2 | W) +E|R|—|—XE|E(AA* | W)

SUSTech

where A* := A*(W, W’) is any random variable satisfying
AW W) = A (W, W') and A* > |A].
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Normal Approximation

)
<2 If |Al <6 and E|W| < 2, then

1
sup [P(W < z) — d(z)] <E|1 — —~E (A% | W)| + E[R]| + 3.
zeR 2\

Proof. ~ When E|R| > 1, LHS < 1 holds. It remains to consider
E|R| < 1. Let A* =& > |A|. Then,

;E|E(AA* | w)| = ;E|6E(A)|

= ;EP\(W + R)| =0E|w + R|
< 6(Elw| + E|R])

<20 + 0E|R|

<30

SUSTech
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

In comparison to

®) )

%/ 2
sup|P(W <z)—®(2)| <E|l- —=E(A°|W
wup | P(W < 2)~0(a)| < B[1 - m (8| w)|

+ E|R| 4 1.56 + 63/)
by Rinott and Rotar. When |A| < §, and assuming F|/V/| < 2,
Corollary 2.7 is an improvement of (22)
. 1,
min (LE|1— —~E(A° | W)|[+§
2\
< 2min (1,E ‘1 - %E (A% W)‘ +53/>\)
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Normal Approximation

"& It follows from the Cauchy inequality that for any a > 0,

3%

|A| < a/2 + A?/(2a)

Thus, we can choose /A" — 2/2 + A?/(2a) with a proper constant
a and obtain the following corollary.

Corollary 2.9
Assume that E|W/| < 2. Then, under the condition of Theorem 2.1,

sup [P(W < z) — (2)|

zeR

E|E (A% | W)

1
<E|ll- —E(A%| W E|R| + 2
= ‘ e (87 )‘Jr IR| + ;y

SUSTech
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1
- —E|E(AA*
o EIE@AT W<

SUSTech

Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

Proof.  Similarly consider when E|R| <1, A* = 5 + ?—:

gE|(A| )|+ E\E(A3 | w)|

myh—-

E|W+R|+ E|E(A3|w)|

2a+——E\E(A3 | w)]

<o [ETEE T
In comparison to
fg{i'P(W <z)-d(2)| <E ’1 - %E (A% W)’
BIAPY 2 (23)
e (22)

Clearly, E|E (A% | W)| < E|AJ?, Corollary 2.9 improves (23).

«4O0>» «Fr «» «E>»
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

bounded Case

For any absolutely continuous function f for which the expectations below
& exist, recalling A = W — W', by exchangeability we have ( see (3))
0=E(W—W)(f(W)+f(W))

= 2A\(EF(W)g(W) + Ef(W)R — E/oo fI(W + t)K(t)dt) (24)

—00

R(t) = %E{A(l{—A <t<0}-1{0<t<-A}) W} (25

Note that here, we have

/x K(t)dt = %E (A% w) (26)

o0

SUSTech

EF(W)g(W) + EF(W)R(W) = E /X F(W+R()dt  (27)
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

For a given function g(y), let Y be a random variable with density
@ function p(y),

y
py) = cre S0, where 6() = [ g(de  (29)
0
with ~
oql= / e ¢Wdy < o (29)

Note that (28) implies

P'(y)=—g(y)p(y) forallye (ab). (30)

SUSTech
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

SUSTech

s Fy) = /_; p(x)dx

Let p be a density function and let

be the associated distribution function. Further, let h be a
measurable function and f, the Stein solution. Suppose there exist
d1 > 0 and db > 0 such that for all y we have

min(1 — F(y), F(y)) < dip(y)

1P (y)| min(F(y).1 = F(y)) < dap?(y).
Then if h is bounded

[Ifall < 2d4 ]|l (31)
|fap"/p|| < 24| Al (32)
Ifall < (2+ 22| Al (33) |

284
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Main Results Nonnormal Approximation for Unbounded Exchangeable Pairs

For some cases, the following two conditions will help verify the
hypotheses of Lemma 2.11 for densties of the form (28).

/glﬂ-\ Conditions:

@ The function g(y) is non-decreasing and yg(y) > 0;

@& The function g is abeolutely continuous, and there exists
¢y < oo such that

n(2om) (1 2) mex 1l 0) <

Suppose that the density p is given by (28), and g satisfying
Conditions (H1) (H2). and E|g(Y’)| < oo for Y having density p.
Then conditions and all the bounds in Lemma 2.11 on the solution
f and its derivatives hold, with d; = 1/c;,dp = 1 for all y.

SUSTech
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Main Results Nonnormal Approximation for Bounded Exchangeable Pairs

Berry-Essen Bound with Bounded Exchangeable Pairs

Let (W, W’) be an exchangeable pair satisfying (3), and let Y
have density (28), and g in (3) satisfying E|g(Y)| < oo and
Conditions (H1)and (H2). If A = W — W’ satisfies |[W — W'| < §
for some constant ¢ then

sup,er |P(W < 2) — P(Y < 2)|
< 3E[1-55E(A%|W))|+amax{l,a}d+ 2E|R|
+AT{(2+ ) Elg(W)]+ %52}

(34)

v
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proof:  Since (34) is trivial when ¢c;cd > 1, we assume
C1C2(5 < 1 (35)

w2+ Let F be the distribution function of Y and for z € R let f = £, be the
solution to the Stein equation

'(w) — F(w)g(w) = 1w < 2) — F(2).

By Lemma 2.12, the bound (31) of Lemma 2.11 holds, so ||f]| < cc.

Letting K(t) be given by (25), in view of identities (26), (27), and that
[W — W’| <6 and K(t) > 0, we obtain

Ef(W)g(W) + Ef(W)r(W)

= Ef f(W + t)K(t)dt

= E [0 {F(W + t)g(W ) +1(W+ t < z) - F(2)}K(t)dt
g > E [° F(W + t)g(W + )R(£)dt + & (El{w<, 5 A2 — F(2)EA?)
3 (36)

Hongxia Jin Yixuan Liu (SUSTech) Berry-Essen Bounds of Nonnormal Approxima




Main Results Nonnormal Approximation for Bounded Exchangeable Pairs

Using F'(z) = p(z) < c1 by (28), we have

®)
- %( El{w<, 5yA% — F(z)EA?)
= (Eljw<,_5y — F(z - 9))
—E {(1{W§z_5} — F(2)) (1 - %E (A2 W)>} (37)
+ (F(z—0) — F(2))
>(P(W < z-0)—F(z-9))
—E | 1—%E(A2 | W) | —c1d
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Hongxia Jin Yixuan Liu (SUSTech) Berry-Essen Bounds of Nonnormal Approxima

DA




Combining(36), (37), we have

2 P(W<z-§)—F(z—9)
5

SEf(W)g(W)+Ef(W)R—E/6 F(W + t)g(W + t)K(t)dt
-6
—|—E]1—%E(A2]W) | +c16

(38)
As c¢16 < c1 max (1, ) d,if we want to prove one side of (34),prove
the following is enough.

EF(W)g(W) + EF(W)R — E/i F(W + )g(W + DR (£)dt

- 2\
+ A2+ @/2) Elg(W)] + acr/2)

1 2
< 2E|l1- ~E (A% W)‘ + —E|r(W)|
a

SUSTech
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Main Results Nonnormal Approximation for Bounded Exchangeable Pairs

Ef(W)g(W) + Ef(W)R — E/i F(W + t)g(W + t)K(t)dt

0 1
T —EwWew) (1- £ (67 W) + EWR

+ E/i{f(W)g(W) —HW + )g(W + )} R(£)dt

=h+ b+ 4k
(40)
Lemma 2.12 and (31),(32), and (33) of Lemma 2.11 yield, along
with (28), that

Ifl <2/c, |fgll<2 and ||f'|| <4 (41)
8 |h| <2E 1—%E(A2 | W) (42)
|f2| < (2/c1) EIR| (43)
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Main Results Nonnormal Approximation for Bounded Exchangeable Pairs

To bound J3, we first show that

sup lg(w )~ 8(w)| < U2 (a +lgw). (44
From Condition (H2) it follows that
’ C1C2
&< 3 i, 180D
= % max (c1, |g(w)|) (45)
< 22 (a + lg(w)))

SUSTech
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Main Results Nonnormal Approximation for Bounded Exchangeable Pairs

Thus by the mean value theorem
‘") supjej<s [g(w + t) — g(w)]
< §supjyj<s 8’ (w + t)] (46)

< 92 (a1 + lg(w)]) + §suppy<s g(w + 1) — g(w)]
by (35). This proves (44). Now, by (41) and (44), when |t| <,

[f(w)g(w) — f(w + t)g(w + t)|

< lg(w)[lf(w +t) — f(w)[ + |[f(w + t)|lg(w + t) — g(w)|
< 4lg(w)|lt] + & a8l (¢y + |g(w)])
< (4+C2)5|g(W)|+5C1C2

SUSTech

(47)

«AO>» «F>r «=r» « >

DA
Hongxia Jin Yixuan Liu (SUSTech)

Berry-Essen Bounds of Nonnormal Approxima



Main Results Nonnormal Approximation for Bounded Exchangeable Pairs
Therefore

] < (4 2) OE (8(W)IA2/(2) + 80cEA/(2)) e

< ENTH(2 + 2/2) Elg(W)| + cica/2}
Combining (40), (42), (43) and (47) ,we prove the(39).
Similarly, one can demonstrate
F(z+6)— P(W < z+1)

< 3E[1-£E(A%|W))|+ad+2E|R| /a
+3AH{(2 + 2/2) E|g(W)| + c1c2/2}

As 10 < cg max (1, cz) 9, the proof of (34) is complete.
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Application ~ Quadratic Forms

a Application
@ Quadratic Forms
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Application Quadratic Forms

Quadratic Forms

Let Xi, Xo,... be i.i.d. random variables with a zero mean, unit
variance and a finite fourth moment. Let A= (a,J) | be a real
symmetrlc matrlx W|th a;; = 0 for aII 1<i<n and

=29 y 3. Put W, = = Z,# ajjXiXj. Then

SUPxeRr [P (W, < x) — &(x)|

CEX}

G 2i (ZJ al?j)2 + \/Zi,j Ok aikajk)’ (49)

<

- ag

where C is an absolute constant.

3 y
[

[

%)

o

n
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Application ~ Quadratic Forms

proof: Let W, = h(Xy,..., Xp) , Wi =h(X,...,X],.... Xs).
where | be a random index uniformly distributed over {1,..., n}
independent of any other random variable.and

7
oY 4/ . . d . .
& X[ X #i & x| X £

Then (W, W’) is an exchangeable pair.

A=W,— W = ZaﬂX X/)
"l
Let X = o (X1, ..., X,)

E(A | X) = ;ZZE(aﬁXj (Xi = X{) 1 X)

=1 j#i

2
:—Wn
n

SUSTech

As such, condition ( 21 ) holds with A =2/n and R = 0.
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Application ~ Quadratic Forms

2
1

1 n
—E(A’|X)=5) (X?+1) ;
2\ ( | ) U%; + Zaj
(®) -
“%2 Note that by the assumptions o2 —22 a and a; = 0,thus
B(5B(82]X)) =
2\
L (a2 W) P=E|E (1 07 [ x) | Wy P
2\ 2\

SE{[E<1—iA2|x)r|Wn}

2
2

< Var 012i X2—|—1 Zau
noj=1

Then

1 2
Bl1— 5B (A W)
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Observe that

. Var (Z?_l (X?+1) (ZJ 13X >2>
\/ =", Var <(X,-2 +1) (Z}’=1 a’ij)z)
+ Zi;éi/ Cov <(X;2 + 1) <ZJ’":1 ‘90'X1'>2 ) (Xlz’ + 1) (ZZ:1 a""Xk)z)

(50)
For the first term, recalling that a; = 0 for all 1 < i < n, we have

S Var (06 +1) (S a0%) )

< Z: 1B ( + 1) E (Zle ainj)4 (51)

<CEX) T (D5 33)2

where C is an absolute constant.
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To bound the second term of (50), for any i # k define

2
- My = (X2 +1) (37 25%)
%) n 2
@ M = (X2 +1) <2j¢k ainJ)

For the second term of (50), for any i # i’, we have

2

n n 2
Cov( (X?+1) | D ayX;| (X7 +1) (Z a,-/ka>
j=1 k=1
= Cov (M;, M,'/) (52)
= Cov (MI.(iI), M,‘/) + Cov (M,-, M,-(,i))

— Cov (M,.(",), M,.(,i)> + Cov (Mi - Mi(i/)’ Mir — M"(’i)>

SUSTech

Given Fji == o {Xj,j # i,i'}, random variables M,-(il) and M,.(,i) are
independent.
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Cov (M,("'), M}f’)

‘\ = COV (E ((Xi2 + ]-) (EJ#I' aU ‘F.”/
s/
E <(X,-2, + 1) <ZZ¢ ai’ij) | fuf))

= 4Cov ((EHA,, ajj ) (Zk?ﬁ, ap ka

2
= CZJ 195 12’JE (X4) +C (Zk 1 Ikaﬂk)
Similar arguments hold for other terms of (52). Hence,

)
)

2

n n 2
Z Cov (X,2 + 1) Z alJ)<J s (X,% + 1) (Z a,-/ka>
j=1 k=1

ii!

SUSTech

2 . 5
<CE X:l Z Zau + Z (Zaikajk>

i=1 \ j=1 1<ij<n
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It follows from (50), (51) and (53) that

1

. BL-g5E (A2 | W)
5
2 2
< CO’,TzE (Xf') Z Z a,?j + Z (Z a,-kajk>
i j ij k
(54)
Similarly, we can have:
1
TEB(A1A]| W)l
2 2
< CO’,T2E (Xf) Z Z a,?j + Z (Z a,-kajk>
E i j ij k
’ (55)
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Thanks for listening!
Q&A

SUSTech

«Or «Fr <
Hongxia Jin Yixuan Liu (SUSTech)

i

v

a
i
v

DA

Berry-Essen Bounds of Nonnormal Appr:



	Introduction
	Exchangeable Pairs
	Stein's Method via Density Approach

	Main Results
	Nonnormal Approximation for Unbounded Exchangeable Pairs
	Nonnormal Approximation for Bounded Exchangeable Pairs

	Application
	Quadratic Forms


